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ABSTRACT. In [I], Bautista and Morales proved the existence of periodic orbits in singular- 
hyperbolic attracting sets. In this paper, we extend their result to singular-hyperbolic Lyapunov 
stable sets. 


1 INTRODUCTION 

In 1963, E. N. Lorenz published the so-called Lorenz equation: 

x' = —lOx -h lOy 
y' = 28x — y — xz 
z' = xy — 

that is related to some of the unpredictable behavior of the weather [2]. Later in 1979 Guckenheimer 
and Williams [3] and in 1982 Afraimovich, Bykov and Shilnikov[4] introduced the Geometric Lorenz 
Attractor(GLA). In 1999, Tucker [5] showed that the GLA indeed corresponds to the behaviour of 
solutions of the original Lorenz equation. The GLA allowed us to examine qualitative behavior. It 
has been shown that the GLA has a sort of hyperbolicity and dense periodic orbits [6]. After that, 
singular-hyperbolicity was introduced as an extended concept of hyperbolicity. The GLA is an 
example of singular-hyperbolic attractor. By the existence of a transitive orbit and the Shadowing 
Lemma [3, it is known that every singular-hyperbolic attractor contains a periodic orbit. Then, it 
is natural to ask whether so does every singular hyperbolic attracting set or not. This problem was 
solved affirmatively by Bautista and Morales [T]. However, it is not known whether every singular- 
hyperbolic Lyapunov stable set is attracting or not [8]. (It is known that every isolated Lyapunov 
stable set is attracting [9].) So, it is still worth proving that singular-hyperbolic Lyapunov stable 
sets has periodic orbits. 

Let M be a compact 3-manifold and let Xf be a flow on M. We denote the vector held 
associated to Xf by X. Given p G M, an orbit of Xf is the set Ox{p) = {W(p); t ^ In 
particular, positive orbit means {Xt{p); t > 0}. We denote the omega-limit set and the alpha-limit 
set of a point p by ujx {p) and ax {p) respectively. A singularity of Xt is a point a e M such that 
X{a) = 0. We denote the set of ah singularities of Xt by Sing(X), and singularities in a subset 
B C M hy Smgx{B). A periodie orbit of Xt is an orbit Ox{p) such that Xt{p) = p for some 
p E: M and T > 0. A elosed orbit of Xt is either a singularity or a periodic orbit of Xt. A compact 
set A C M is invariant if Xt{A) = A for ah t G R. 
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Definition 1. A compact invariant set A C M is Lyapunov stable if for given neighborhood U of 
A, there is a neighborhood ^ of A in such that the positive orbit of every point in V is contained 
in U i.e., 

Xt{x) G U for alH > 0 and for all x G V. 

We denote by VLyp{U) such a neighborhood V. 

Definition 2 . A compact invariant set A of Xt is hyperbolic if there are positive constants K, X 
and a continuous invariant tangent bundle decomposition T\M = 0 0 E'^ such that 

1 . E^ is contracting^ i.e., 

\\DXt{x)\Es^ II < Ke~^^ for alH > 0 and for all x G A. 

2 . E'^ is expanding^ i.e., 

\\DX-t{x)\E'^ II < Ke~^^ for all t > 0 and for all x G A. 

3. E^ is tangent to the vector field X associated to Xt 

For a linear space or a submanifold L of M we denote the dimension of L by dim(I/). By the 
Invariant Manifold Theorem[T0], for a hyperbolic set A of Xt and p G A, the strong stable manifold 
Wx{p) of p and the strong unstable manifold Wx^{p) of p exist and they are submanifolds of 
M: 


Wli{p) = {xeM- limd(X,(x),X,(p))= 0 } 

t^oo 

WT{j>) = {x&M- lim d{Xt{x),Xt{p))=Q} 

t^ — oo 

It is known that Wx{p) and Wx^{p) are tangent respectively to the linear spaces E^ and E^ at 
p. A closed orbit O of Xt is hyperbolic if it is hyperbolic as a compact invariant set. A hyperbolic 
closed orbit O is saddle-type if 7 ^ 0 and E^ ^ 0 for some (and hence for all) p e O. 

For a linear operator A, we denote the minimum norm by m{A) = inf^^o(||^'^||/||'^||) 

Definition 3. Let A be a compact invariant set of A continuous invariant splitting TaM = 
Ea 0 Ea over A is dominated if there are positive constants K and A such that 

< Ke-^* for alH > 0 and for all a; e A 

m{DXt(x)\Fj 

Hereafter we assume that Ex ^ 0 and 7 ^ 0 for every x G A. A compact invariant set A is partially 
hyperbolic if it exhibits a dominated splitting TaM = E^ 0 E^ such that is contracting^ i.e., 

\\DXt{x)\Eg II < Ke~^^ for all t > 0 and for all x G A. 

Now we define singular-hyperbolicity. 

Definition 4. A singular-hyperbolic set A of Xt is a partially hyperbolic set with a volume 
expanding central subbundle F^, i.e., 

I det{DXt{x)\Ec)\ > K~^e^^ for all t > 0 and for all x G A 
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and all of singularities in A are hyperbolic. 

A singular-hyperbolic Lyapunov stable set is a singular-hyperbolic set which is simultaneously 
Lyapunov stable. Similarly singular-hyperbolic attracting set and singular-hyperbolic attractor are 
defined. Here, a compact invariant set A is an attracting set if it has a positively invariant isolating 
block U (i.e., = A and Xt{U) C U for Vt > 0) and is an attractor if it is a transitive 

(i.e., for V[/, H C A there exists t > 0 such that Xt{U) D H 7 ^ 0) attracting set. 

Let A be a non-trivial connected singular-hyperbolic set of Xf. Non-trivial means that it is not 
a closed orbit. For the singular-hyperbolic splitting T\M = 0 it is known that X{x) C E^ 
and dim(£’|) = 1 for any x e A [ 1 ,Theorem 3]. 

Definition 5. A singularity is Lorenz-like if it has real eigenvalues Ai, A 2 and A 3 satisfing 

A 2 A 3 < 0 < —A 3 < Ai. 

We denote the set of Lorenz-like singularities of Xt in a subset H C M by LSmgx{B). 

We introduce some invariant manifolds asociated to a Lorenz-like singularity a. Since a is 
hyperbolic, the stable and the unstable manifolds kF|^(cr) and kF^(cr) exist. They are tangent at a 
to the eigenspaces associated to the set of eigenvalues {A2, A3} and {Ai} respectively. In particular, 
Wxicr) is two-dimensional and IT^(cr) is one-dimensional. A further invariant manifold called the 
strongly stable manifold Wx{a) exists and is tangent at a to the eigenspace associated to the subset 
of eigenvalue {A2}. For a singularity which has two positive eigenvalues, we put Wx{a) = Wx{a). 
The following property is known [ 1 , Lemma 1 ]: for a connected singular-hyperbolic set A of Xt, if 
a G Sing^(A), then a is Lorenz-like or has two positive eigenvalues. Moreover in any case we have 
that An VFf (cr) = {a}. 

Here we recall a few examples of singular-hyperbolic sets. The GLA is an example of a singular- 
hyperbolic attractor with periodic orbits. An example of singular-hyperbolic attracting set with 
periocdic orbits was recently provided by Morales [11,Theorem B] (which is constructed by modif- 
ing the Cherry-flow [ 6 ] and the GLA.). On the other hands, there exists an example of a singular- 
hyperbolic set without periodic orbits. It is a flow on a solid torus {D^ x S^) constructed by 
Morales [ 12 ] using the Cherry-flow. 

Theorem. Every singular-hyperbolic Lyapunov stable set of a flow has a periodic orbit. 

Let us give a brief sketch of the proof. Let A be a singular-hyperbolic Lyapunov stable set. 
If there is a singularity in A, it is known that the singularity is a Lorenz-like or has two positive 
eigenvalues. We consider dividing into the following three cases. The case where there are no 
singularities in A, the case where there are singularities except for Lorenz-like ones, and the case 
where there is a Lorenz-like singularity. 

In the first case, A is a (saddle-type) hyperbolic set. Take x e A and a cross-section E with x. 
By the Shadowing Lemma [7], there exists a periodic point p near x and hence near A in E. Assume 
p ^ A and choose U Z) A with p ^ U. Then, take VLyp{U). Since the stable and the unstable 
manifolds of x and p are large enough to intersect transversally, using the A-lemma [ 6 ], we can see 
that some image of any neighborhood of x contains a point arbitarily close to p, contradicting the 
Lyapunov stability. 
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In the second case, we can show that, for any x G A\Singj 5 ^(A), ujx{x) does not contain 
singularities. Then, it is a (saddle-type) hyperbolic set. Take y G uox{x) and a cross-section H 
with y. Applying the Shadowing Lemma [7], we have a periodic point p near y and hence near A 
in S. Assume p ^ A and choose 1/ D A with p ^ U. Then, take VLyp{U). Since the stable and 
the unstable manifolds of y and p are large enough to intersect transversally, similarly to the first 
case, this contradicts the Lyapunov stability. 

In the last case, if there is a Lorenz-like singularity, we construct cross-sections near all of 
Lorenz-like ones. It is proved that the return map on these sections satisfies some conditions. 
When the return map satisfies these conditions, some iteration under the return map of any curve 
on the sections horizontally crosses an element of a finite set of vertical bands of the sections. Using 
this, we have some iteration of an element of the finite set horizontally crosses another element. 
Repeating this, we obtain a chain of vertical bands. By the finiteness of our vertical bands, we 
obtain a closed sub-chain, calling a cycle. There exists a periodic point determined by a cycle. 
Now, we take a sequence of curves {c^} accumulating on A. By the argument above, we have 
a cycle Pn coming from each curve c^. Since cycles are also finite, there exists a cycle P as an 
accumulation point of {/3^}. Take a sub-sequence {c^} corresponds to the cycle /3. Let p be a 
periodic point determined by /3. Assume p ^ A, and take neighborhoods U and VLyp{U) of A as 
above. Take N with cx C VLyp{U)^ then the image of some iteration of cat horizontally crosses 
W^ip)- This contradicts the Lyapunov stability again. 

In the proof of the Theorem, we use many lemmas of [1], many of which are easy to extend 
to the Lyapunov stability condition. Thus we omit their proofs and give only statements. The 
extension of Lemma 2 has a difficulty, so we describe it in detail. For the proof of the Theorem, 
we have difficulties mainly in proving that a periodic point near A is indeed contained in A. 

In Section 2, we prepare some settings for the proof of the Theorem. Then, in Section 3 we prove 
the Theorem. In Appendix, we give an example of Lyapunov stable set which is not attracting 
with a close property to singular-hyperbolicity. 

2 PRELIMINARIES 

We consider certain maps called hyperbolic triangular maps defined on a finite disjoint union of 
copies of [—1,1] X [—1,1] and discontinuous maps still preserving a continuous vertical foliation. 
We also assume two hypotheses (HI) and (H2) imposing certain amount of differentiability close 
to the point whose iteration falls eventually in the interior of A. 

Proposition 1 asserts the existence of a hyperbolic periodic point for the hyperbolic triangular 
map that satisfies (HI) and (H2) and has the large domain. Then, we construct a family of 
cross-sections, so-called the singular cross-section. 

2.1 Hyperbolic triangular maps 

Let / = [—1,1] be a unit closed interval. Let li be a copy of I and let be a copy of the square 
P = I X I for i = 1, 2,..., /c. We denote the disjoint union of the squares by S. Put 

L-i = {-1} X li, Loi = {0} X li and L+i = {1} x P 
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for i = 1, 2,..., /c and 


k k k 

L— = L—i^ Lq = Loi and L^i. 

i=l i=l i=l 

Given a map F, we denote the domain of F by Dom(F). A point x G Dom(F) is periodic for F 
if there is an integer n > 1 such that F^{x) G Dom(F) for all 0 < j < n — 1 and F^{x) = x. We 
denote all the periodic points of F by Per(F). 

A curve c in S is the image of a injective map c : Dom(c) C IR ^ S with Dom(c) being a 
compact interval. We often identify c with its image set. A curve c is vertical if it is the graph of 
a map g : li ^ A, i.e., 

C = {{g{y)^ y); y e li cT^i for some i = l, 2 ,..., /c}. 

A continuous foliation Fi on a component is called vertical if its leaves are vertical curves 
and Loi and L^i are also leaves of A vertical foliation F of S is a foliation which restricted 
to each component of S is a vertical foliation. It follows that the leaves L of a vertical foliation 
F are vertical curves hence differentiable ones. In particular, the tangent space TxL is well defined 
for all X G I/. For a foliation F, we use the notation L G F to mean that L is a leaf of F. 

For a map F : Dom(F) C S ^ S and a vertical foliation F on S, we say that F preserves F if 
for every leaf L of F containd in Dom(F), there is a leaf f{L) of F suth that F{L) C f{L) and the 
restriction to L, F\l : L ^ f{L) is continuous. For a vertical foliation F on S, a subset F C S is 
saturated set for F if F is the union of leaves of F. We say that B is F-saturated for short. For a 
subset A of S denote by Fa the union of leaves that intersects A. If A = {x}, then Fx is the leaf 
of F containing x. For a subsets A, F C S, we say that A covers B if Fa D B. 

Now we define the triangular map and consider its hyperbolicity. 

Definition 6. A map F : Dom(F) C S ^ S is called triangular if it preserves a vertical foliation 
F on S such that Dom(F) is F-saturated. 

We define the hyperbolicity of triangular maps with cone fields in S. We denote the tangent 
bundle of S by TS. Given x G S, o > 0 and a linear subspace Vx C FcS, we denote the cone 
around 14 in FcS with inclination a by Ca{x^ Vx) = Gq,(x), namely 

Ca{x) = {Vx G Frll; Z{vx, Vx) < a}. 

Here Z{vx, Vx) denotes the angle between a vector Vx and the subspace 14. A cone field in S is a 
continuous map Ca : x E cr ^ Ca{x) C FcS, where Ca(x) is a cone with constant inclination a on 
FrS. A cone field Ca is called transversal to a vertical foliation F on S if FcL is not contained in 
Ca(x) for any x E L and L E F. 

Definition 7. Let F : Dom(F) C S ^ S be a triangular map with associated vertical foliation 
F. Given A > 0 we say that F is A-hyperbolic if there is a cone field Ca in S such that 

1 . CcK is transversal to F. 

2. If X G Dom(F) and F is differentiable at x, then 

DF{x){Ca{x)) C Int(C« (F(x))) and \\DF{x) • Vx\\ > A - \\vx\\ for all Vx G Ca{x). 
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2.2 Hypotheses (HI) and (H2). 

They impose some regularity around those leaves whose iteration eventually fall into Ul/+). 

To state them we need the following definitions. 

Definition 8. Let F : Dom(F) C S ^ S be a triangular map such that L- UI/+ C Dom(F). For 
all L e F contained in Dom(F) we define the (possibly oo) number n{L) as follows: 

1. If F{L) C S\(L_ U L+), we define n{L) = 0. 

2. If F{L) C L- U L+, we define 

n{L) = sup{n > 1; F\L) C Dom(F) and C I/_ U I/+ whenever 0 < i <n — 1}. 

Essentially n{L) + 1 gives the first non-negative iterate of L falling into E\(I/_ U I/+). 

Definition 9. Let F : Dom(F) C E ^ E be a triangular map such that I/_ U I/+ C Dom(F). We 
say that F satisfies: 

(HI) If for any L E F such that L C Dom(F) and n{L) = 0, there exists an J^-saturated 

neighborhood S' of L in E such that the restricted map F\s is . 

(H2) If for any E F such that C Dom(F), 1 < n{L^) < oc and C Dom(F), 

there is a connected neighborhood S C Dom(F) of L* such that the connected components 

Si and S 2 of S\L^ (possibly equal if L* C L- U I/+) satisfy the properties below: 

1. Both T(Si) and F{S 2 ) are contained in T\{L_ U I/+). 

2. For all j G {1,2}, there exists a number {L^) such that 1 < (L^) < n{L^) 1 and 

if yi G Sj is a sequence converging to y G L*, then {F{yi)} is a sequence converging to 
F^'F^){y). If n^(L*) = 1, then F is in S^- UL*. 

3. If C E\(I/_ U I/+) (and so Si ^ S 2 ), then either n^(L*) = 1 and n^{L^) > 1 or 
n^{L^) > 1 and n^{L^) = 1. 


(HI) ^ (H2) 




Figure 1: (HI) and (H2) with n{L^) = 1, = 1 and = 2 
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2.3 Proposition 1 

This proposition gives a sufficient condition for the existence of periodic points of hyperbolic tri¬ 
angular maps. This proposition plays an important role in the proof of the Theorem. 

Proposition 1. Let F be a A-hyperbolic triangular map satisfying (HI), (H2), A > 2 and 
Dom(F) = Ll\I/o. Then, F has a hyperbolic periodic point. 

In [1,APPENDIX], the existence of periodic point was proved by a contradiction. Here, we 
prove that in a constructive way. Before the proof of Proposition 1, we need several preparations. 
Assume that F is a A-hyperbolic triangular map satisfing (HI), (H2), A > 2 and Dom(F) = T\Lq 
which contains the property: F_ UF+ C Dom(F). If there is a periodic point in F_ UF+, then, it is 
hyperbolic because of a vertical contraction and A-hyperbolicity of F. Therefore, we can suppose 
that there are no periodic points in F_ U F+. Then, for a leaf F G F with L C Dom(F), we 
have 0 < n{L) < 2k^ for otherwise, there would exist a periodic point in F_ U F+ because the it¬ 
eration of L passes F_ UF+ at least 2k times. Let us call the following property the Hypotheses(*). 

Hypotheses(*): F is a A-hyperbolic triangular map satisfing (HI), (H2), A > 2, Dom(F) = Il\Fo 
and Per(F) D (F_ U F+) = 0. 

We say that F has the large domain if Dom(F) = X\Fo. 

Let k be the number of components of X. We denote the leaf space of a vertial foliation F on X 
by SL. It is a disjoint union of k copies of Ji,..., F of /. For the 1-dimensional map / : Dom(/) C 
SL —> SL induced by F, we define /(F*+) := limL^L^+ f{L) and f{L^—) := lim^^L^- /(F). 

Definition 10. For / induced by F we define 

1. V = {/(F); F G F, F C Dom(F) H (F_ U F+)} 

2. F_ = U{/(^0i-); i G {1,..., /c} for which /(Fq^-) exists.} 

3. F+ = U{/(^0i+); i G {1,..., /c} for which /(Foi+) exists.} 

Define the discontinuous set of F as F(F) = {x G Dom(F); F is discontinuous at x}. We 
denote the foliation and the cone field associated to F by F and Ca respectively. Let < be the 
natural order in the leaf space A of F^, where Fi is a vertical foliation in X^ (i = 1 ,..., /c). A 
vertical band in X is a region between two disjoint vertical curves F and L' in the same component 
X^ of X. The notation [F,F'] and (F,F') indicates closed and open vertical band respectively. If c 
is a curve in X, we denote its end points by cq, ci, its closure Cl{c) = c U {cq, ci}, and its interior 
Int(c) = c\{co,ci}. An open curve is a curve without end points. We say that c is tangent to Cq, 
if c'{t) G Ca{c{t)) for all t G Dom(c). The next lemma is proved in [T]. 

Lemma 1 [1,Lemma 14]. For every open curve c C Dom(F)\F(F) tangent to Cq there are an 

open curve c* C c and n'{c) > 0 such that F-^(C*) C Dom(F)\F(F) whenever 0 < j < n'{c) — 1 

and F'^ ^^^(c*) covers a band (W, W') with 

IT,IT' CF_UF+UVU£_U£+. 
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Now let us prove proposition 1 . 

Proof of Proposition 1. As we mensioned before, if there is a periodic point in I/_ U I/+, Propo¬ 
sition 1 is proved. It remains to prove is the existence of a hyperbolic periodic point under the 
Hypothesis(*). It is known that Dom{F)\D{F) is open-dense in S (See [ 1 ].). Define 

B = {(VP, VP'); IP, VP' C L_ U L+ U V U U £+}. 

It is clear that S is a finite set. In B we define the relation B < B' if and only if there are an open 
curve c <Z B tangent to with Cl(c) C Dom(F)\D(F), an open subcurve c* C c and n > 0 such 
that F-^(c*) C Dom{F)\D{F) whenever 0 < j < n — 1 and F'^{F) covers B'. 

As Dom{F)\D{F) is open-dense in S and the bands in B are open, we can use Lemma 1 to 
prove that for every B £ B there i^ B' £ B such that B < B'. Then, we can construct a chain 

<Bj^<... {ji G {1,..., m}) 

As B is finite it would exist a closed sub-chain 

Bji < Bj.^^ < . . .< Bj^^^ < Bj. 

Hence there is a positive integer n such that F'^{Bjf) covers Bj^. Since F preserves there exists 
a leaf L £ F such that F^{L) C Z, implying the existence of a periodic point in L. By a vertical 
contruction and a horizontal expansion which is derived by the A-hyperbolicity of F, this periodic 
point is hyperbolic, and therefore Proposition 1 is proved. □ 

2.4 Singular-cross section and induced foliation 

In this subsection we construct a family of cross-sections and foliations on them. Let Xt be a flow 
and let a be a Lorenz-like singularity of Xt. Then, a is hyperbolic, and we have invariant manifolds 
VPJ^(cr), VPj^(cr) and VPJ^^(cr) with dim(VPJ^(cr)) = 2, dim(VPj^(cr)) = 1 and dim(VPJ^^(cr)) = 1. (See 

IB-) 

Wff{a) separates IP^(cr) into two connected components, namely, the top one and the bottom 
one. In the top component, we consider a cross-section S^. of Xt together with a curve which goes 
directly to a. Similarly we consider a cross-section and a curve in the bottom component. 
We take the section S'* to be diffeomorphic to [—1,1] x [—1,1] and the curve /* to be contained 
in VLi:(cr)\VV’J^^(cr) for * = t, 6 . The positive orbits of Xt starting at (S^ U S^)\(/^ U /^) exit a 
small neighborhood of a passing through the cusp region. The positive orbits starting at U 
goes directly to a. The boundary of S* is formed by four curves, two of them transverse to /* 
and two of them parallel to /*. The union of the curves in the boundary of S* which are parallel 
(resp. transverse) to /* is denoted by 9^S* (resp. 9^S*). The cross-sections S^. and above are 
called singular cross-sections associated to a. The curves and are called singular curves of 
and respectively. We also call a family of disjoint cross-sections S = a G LSing;j-(A)} 

with A n d^S = 0 the singular cross-section of A. Similarly we call a family of disjoint curves 
a £ LSingjj^(A)} the singular curves of S. Define 

d>^S= IJ (d’^Slud’^Sl;) and d^S= (J (9^5* U 9"5^). 

crGLSingj,^ (A) crGLSingj^ (A) 

Now we construct a foliation on the singular cross-section. For the singular-hyperbolic splitting 
TaM = 0 F^, F^ and F^ can be extended continuously to invariant splittings F^^^^ and 
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Figure 2: The singular cross-section and the singular curve 


on a neighborhood U{K) of A, respectively. In particular, the contracting direction is 1- 
dimensional. The standard Invariant Manifold Theorem pT] implies that integrable, i.e. 

tangent to an invariant continuous 1-dimensional contracting foliation on U{K). Let S' be a 
singular cross-section of A contained in U{A). We construct a foliation on S by projecting 
onto S along the flow. (See [1] for the precise construction.) 

3 PROOF OF THE THEOREM 

In this section, we prove the Theorem. For a singular-hyperbolic Lyapunov stable set A, first we 
consider two exceptional cases where there are no singularities in A, and the case where there are 
singularities except for Lorenz-like ones. 

3.1 The exceptional cases 

Proposition 2. Let A be a singular-hyperbolic Lyapunov stable set. If there are no singularities 
in A, then A has a hyperbolic periodic orbit. 

Proof. A is a (saddle-type) hyperbolic set. Take x e A and a cross-section S with x. By the 
Shadowing Lemma[7], there exists a periodic point p near x and hence near A. Assume p ^ A and 
take U D A such that p ^ U. The stable and the unstable manifolds of x and p are large enough 
to intersect transversally. By the A-lemma[6], any neighborhood of x G VLyp{U) can be arbitarily 
close to p under some iteration, contradicting the Lyapunov stability (Figure 3). Therefore we ob¬ 
tain a periodic point in A, moreover this is hyperbolic because of a contraction and an expansion 
derived from the singular-hyperbolicity of A. □ 
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Figure 3: The Lyapunov stability and the transversal intersection of invariant manifolds. 

Proposition 3. Let A be a singular-hyperbolic Lyapunov stable set of a flow Xt. If A has 
singularities except for Lorenz-like ones, then A has a hyperbolic periodic orbit. 

Proof. We can take x G A\Sing(X). For otherwise, A would be a set of singularities and they are all 
hyperbolic which are discrete. Each singularity has both positive and negative eigenvalues because 
A is singular-hyperbolic, contradicting the fact that A is Lyapunov stable. Clearly ujx{x) C A 
since A is compact invariant. Let us see that ujx{x) has no singularities. If there exists a G 
Smgx{oJx{x)), it is a singularity of Lorenz-like or one with two positive eigenvalues. Here, we 
have assumed there are no Lorenz-like singularities, it has two positive eigenvalues. (For such 
singularity, Wx{a) = Wx{g).) Then, there exists q G uJx{x) fl (IF|^(cr)\{cr}) (Figure 4). 



Figure 4: The case where ujx{x) contains a singularity with two positive eigenvalues. 

This and uJx{x) C A contradict the fact that A fl (IF^(cr)\{cr}) = 0- Since ujx{x) C A and 
ujx{x) has no singularities, ujx{x) is a (saddle-type) hyperbolic set. Then, by the same argument 
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as in the proof of Proposition 2, we obtain a hyperbolic periodic point in A. 


□ 


Now we consider the case where there are Lorenz-like singularities in A. 

3.2 Preliminaries for the proof. 

For the proof, we need a lemma dealing with the return maps associated to singular cross-sections. 
Let A be a singular-hyperbolic Lyapunov stable set of a flow Xf. Associated to any singular 
cross-section S of A, we have a return map H = : Dom(n) C S ^ S given by n(x) = 

where T{x) denotes the first positive return time of x. 

Here, using the foliation T of subsection 2.4, we refine a singular cross-section S C t/(A) in 
the following way. Let S' be a singular cross-section of A. By the construction, /* divides S* into 
two connected components S*’+ and S*’“ (* = t,6). For a small ^ > 0, we choose two points 
e whose distance to /* is S. Define S^{S) as the singular cross-sections of a satisfying 
the following property: 

Since S is a singular cross-section of A, we conclude that the set 

S{S) = {SUS),Sl{Sy, a eLSing^m 

is also a singular cross-section of A. Note that S and S{6) have the same singular curve 1. 

We also refine its return map. For the refinement S{6), we denote the return map associated 
to S{S) by Us = and denote the return time of x G Dom(n< 5 ) by Ts{x). Clearly S{S) C S 

and so S{S) C U{A) for all S. A simple but important observation is that the return time Ts is 
uniformly large as ^ 0^, 

lim inf Ts(x) = oo. 

6^0+ xeSi6) 

For a singular cross-section S' of A and its refinement S{S), note that each components of S{S) 
can be identified with the square P = I x I (where I = [—1,1]) such that its singular curve 
corresponds to {0} x [—1,1] and its vertical boundaries correspond to {±1} x [—1,1]. It follows 
that S{S) can be identified with a finite collection S = of squares with 

d^S{S) = L-UL^ and I = Lq 

where S, I/_, I/+ and Lq are as in subsection 2.1. 

With these identifications, we define 

F = Ils and Dom(F) = Dom(n< 5 ). 

Of course F and Dom(F) depend on 6. Hence we have a map 

F : Dom(F) C S ^ S 

which is the return map induced by the flow Xf on the section S{S). 

It is clear that Dom(n) C S\l where I is the singular curve of S. We say that H has the large 
domain if Dom(n) = S\l. The following lemma proves that there exists a singular cross-section 
whose return map has the large domain and satisfies some conditions simultaneously, if the flow 
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Xt has no periodic orbits in A. 

Lemma 2. Let A be a singular-hyperbolic Lyapunov stable set of Xt and let A > 0 be fixed. If Xt 
has no periodic orbits in A, then, for any neighborhood 1/ D A, there exists a singular cross-section 
S G U such that its return map IT is a A-hyperbolic triangular map satisfying (HI), (H 2 ) and that 
Dom(n) = S\L 

Proof. First, define 

Sing* =Sing^(A)\LSing;^(A) and = [J 

aeSingj,^(A) 

Since Wx{(j) D A = IFJ(cr) D A = {a} for a G Sing* and Wx{(j) D A = {a} for a G LSingj^(A), 
we have that A D (IF\Singjj^(A)) = 0. 

Let us exhibit a contradiction assuming that there exists U D A such that any singular cross- 
section S C U whose return map is a A-hyperbolic triangular map satisfying (HI) and (H 2 ) 
has a point x G S\l satisfying x ^ Dom(n). Here we can take such U with U C U{A) and 
W (fU. Moreover we can assume U fl (Sing(X)\Singj 5 ^(A)) = 0. For otherwise, Sing(X)\Singj 5 ^(A) 
accumulates on A, and letting a be an accumulation point, we have a G Sing(A), which is 
hyperbolic by the definition of singular-hyperbolicity. However, this contradicts Grobman-Hartman 
Theorem [ 6 ]. 

The following property is known. 

[ 1 , Lemma 4 and Proposition 2 ] For any 1/ D A, there is a singular cross-section S C U associated 
to A which has a small diameter and is close to A such that if S{S) is the refinement of S', then for 
all small 6>0,F = n <5 is a A-hyperbolic triangular map satisfying (HI) and (H 2 ). 

Let us take a sequence {Sk} of such singular cross-sections accumulating on A. For each S/e, 
take Sk > 0 so that Sk{Sk) is a refinement of S/e. Then, we consider the sequence {Sk{Sk)} 
of refined singular cross-sections satisfying the following property: for Lorenz-like singularities 
(Here for simplicity, in their neighborhoods, we identify eigenspaces of Lorenz-like singularities 
with (x,y,z)-axes, respectively, as depicted in Figure 5) Sk{Sk) contains the rectangular region 
Ck in {z = dk} satisfying that dist(9^C'/e, (0, 0, d/^)) = dk and dist(S^C'/e,//c) = Ck < Sk (where 
dk = dist(LSingj 5 ^(A), S/c(d/c)) and Ik is the singular curve of Sk{Sk))^ and if 


{li} = \ U Xi € VLypiU) 

accumulates on a Lorenz-like singularities, then D Sk{Sk) G Ck for every large i G N. 

Now, we take a family {Un} of neighborhoods of A satisfying U Uq Ui A. For each 

Un^ take VLyp{Un) and a singular cross-section Sk^{Skr,) C VLyp{Un) from the above sequence. Let 
In be a singular curve of Sk^{Skr,) and H^ the return map of Sk^iSkr,)- By the hypothesis, there 
exists Xn G Sk^{Skr,)\ln such that Xn ^ Dom(nn). We note that cjx(^n)n (Sing(X)\Singjj^(A)) = 0 
since U fl (Sing(X)\Singj 5 ^(A)) = 0 and co’x(^n) C Un C U. (Here Un is the closure of Un-) 

Let us see uJx{xn) H Singjj^(A) = 0. If it is not so, ujx(^n) contains a singularity of Sing* or 
LSingj^(A). In the case where 3a G 0Jx{xn) H Sing*, there exists q G 0Jx{xn) H (IF|:(cr)\{cr}) with 
q ^ U, contradicting the Lyapunov stability. In the case where 3a G ci;x(^n) nLSingj^(A), we have 
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Xrixn) ^ Ck^ C Sk^{5k^) for a large T > 0 by the construction of Sk^{6k^). This contradicts that 
Xn ^ Doni(nn). 

For {ujx{xn)}^ let P be the set of accumulation points of {oJx{xn)}^ then P C A. We have 
that Singjj^(P) 7 ^ 0, for otherwise P would be hyperbolic and the same argument as in Proposition 
2 would lead a contradiction. Then, we have two cases as before. In the case where 3cr G P fl 
Sing*, there exists g G P fl (lTx(cr)\{cr}) with g G A since P C A, which contradicts that A fl 
(IF\Singjj^(A)) = 0. In the case where 3cr G P D LSingj 5 ^(A), we have ujx{xn) H SkNiSk^) G Ck^ 
for a large A/" G N, then there exists T > 0 such that Xt{xn) ^ This contradicts 

xx ^ Dom(n7v). 

Thus, Lemma 2 has been proved. □ 

3.3 Proof of the Theorem. 

Two exceptional cases have been proved before; that is the case where A contains no singularities 
and the case where A contains singularities with two positive eigenvalues but no Lorenz-like ones. 
Therefore we can suppose that A contains at least one Lorenz-like singularity. Let us assume that 
there are no periodic orbits in A. By Lemma 2 , there exists a singular cross-section close to A such 
that the return map P is a A-hyperbolic triangular map satisfying (HI) and (H 2 ) moreover P has 
the large domain. Then P satisfies the hypothesis of Proposition 1. 

Let {cn} be a family of curves accumulating on A. Define 

B = {(VF, VF'); IF, VF' c P+ U P_ U V U £+ U £_}. 

Then this is a finite set. As in the proof of Proposition 1 , using Lemma 1, we see that some P- 
iteration of Cn covers G B. Again by Lemma 1, some P-iteration of covers Pn 2 - Repeating 
this process, we obtain a chain of elements of B. Since P is a finite set, we obtain a closed sub-chain, 
which is called a cycle /3n . In this way, each Cn coresponds to a cycle /3n . Since the set of cycles are 
also finite, there exists a cycle p that is an accumulation cycle of {^n}- Let {cn} be a subsequence 
of {cn} such that Cn corresponds to p. Let p be a periodic point in the cycle p. Assume that p ^ A 
and take a neighborhood P D A with p ^ U. For {cn}, take an integer N large enough to satisfy 
Cn C VLyp{U). Then, some iteration of cn under F covers p. Note that the size of the stable 
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manifold of p is bigger than the length of the section because we have considered a foliation on the 
section in U{A) introduced in subsection 2.4. Take an integer m for which F^{cn) covers p. Since 
F is A-hyperbolic, F^(cn) has a transversal intersection with W^{p). Let q be the intersection 
point of them, then, the iteration images of q under F accumulates on p. Since p ^ this implies 
that some iteration of q G F^{cn) and therefore that of F~'^{q) G cat C VLyp{U) is not contained 
in U. This contradicts the Lyapunov stability, proving that p G A. □ 

APPENDIX 

We give an example of a Lyapunov stable set which is not attracting by modifing the GLA and 
using the Cherry-flowbox[ 6 ]. This example is not singular-hyperbolic, however its property is close 
to singular-hyperbolicity. 

The Cherry-flow is a vector field on the 2-torus with one sink and one saddle. Both singularities 
are hyperbolic. We put a saddle s, and a sink p. See [ 6 ,APPENDIX] for the construction and 
properties of the Cherry-flow. Identifying the 2 -torus with [0,1] x [0,1], we depict the Cherry-flow 
in Figure 6 (left). The time-reversed flow is depicted in Figure 6 (center). For the time-reversed 
Cherry-flow, we assume eigenvalues A_ and A+ of the saddle s satisfying A_ < 0 < — A_ = A+. 



Figure 6 : The Cherry-flow and its arrangements 

Taking a part of the center figure (Figure 6 , right) and multipling a contracting direction, we 
obtain the Cherry-flowbox C (Figure 7). Identify C with ([0,1] x [0,1]) x [— 1 , 1 ]. Then, C is 
devided into two components by [ 0 , 1 ] X {f} X [— 1 , 1 ] which we call and C^. 

Now, let F be a singular cross-section associated to a singularity a which has real eigenvalues 
Ai, A 2 and A 3 satisfying A 2 < A 3 < 0 < —A 3 = Ai. We call its two components and F^. We 
identify each of them with [—1,1] x [— 1 , 1 ]. Moreover F is devided into four regions by singular 
curves and We put them as F^, F^, F^ and F^. Let { — 1} x { — 1/3} G F^ be the position 
of the first intersection with F of one component of IT^(cr), namely W^{a). 

Then, we take a flowbox around a part of the other component of IT^(cr), namely IT^(cr), and 
replace it by the Cherry-flowb ox C with the contracting direction. Also we connect W^{a) with 
W^{s). Then, the orbit of W^{a) goes into C and converges to the hyperbolic saddle s in C. On 
the other hand, two components of W^{s) go out of C. Here we make an important remark. Parts 
of the cusp regions coming from F^ and F^ enter into and respectively. By the choices of 
and (7^, two cusp regions run along W'^{(j) and IT^(s) without intersecting each other and go out 
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Figure 7: Cberry-flowbox C 


of C. Now we set the returns of them. We put the first intersecting points of W^{s) := W'^{s) C 
and W^{s) := W'^{s) C as {1} x {1/3} G and {0} x {0} G respectively. 

Using the Cherry-flowbox, we have constructed a vector field depicted in Figure 8. Then, define 


A= n UW"“(a)UW"“(s)U{a,s}. 

\T>0t>T / 



Figure 8: vector field 

The return map F on S\(/^ U l^) consists of the following two parts: 
and F^ : —)► We can assume that the return map F is a triangular-map. So, F 

is reduced to 1-dimensional map /. As we mensioned before, both and are identified with 
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[— 1,1] X [—1,1], and 1-dimensional maps to which and are reduced are : [—1,1] —^ 
and : [—1,0] —^ [“l^O], respectively. Here, we assume the following conditions: 

1 . satisfies that (/^)'(x) > \/2 for Vx G [—1,1]. 

2 . = id. 

We depicted the graph of in Figure 9. Unlike the GLA, the derivative of at 0 does not 
diverge to oc because of eigenvalues of a and s. However, like the GLA, it is clear that there are 
infinitely many /^-inverse iteration of 0, implying 7 ^(A fl /^) = oo. 



Figure 9: 1-dimansional map 

By = id., there are infinitely many periodic points in They accumulate on W^{a) C A, 
hence, A is not an attracting set. 

Now let us see that A is Lyapunov stable dividing into three parts. First, since the behaviour 
of orbits of A in is the same as the GLA and the GLA is attracting, A D is Lyapunov stable. 
Second, in the Gherry-flowbox, for given U we can take a locally positively-invariant neighborhood 
V (Figure 10). Third, for given neighborhood 1/ of W^{s), we can take its neighborhood V such 
that Xtiy) C U (Vt > 0) by eigenvalues of a and s. Thus, putting these three parts together, we 
have checked that A is Lyapunov stable. 



Figure 10: Locally positively-invariant neighborhood in the Gherry-flowbox 
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Finally we note that A does not exhibit the volume-expanding central subbundle, thus A is not 
singular-hyperbolic. 
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